BAI TAP KHONG GIAN METRIC (TUAN 1)

1 Mot sé bat dang thiic quan trong
(Phan nay tu ching minh)
1. (Bat dang thitic AM - GM). Cho cac s6 thuc duong a,b va 0 < A < 1. Chiing minh ring
a*b' ™ < ha + (1 — \)b.

2. (Bat dang thitc Holder). Cho hai bo s6 khong am {x;} va {y;} va hai s6 thuc p,q thoa

man — + — = 1. Chitng minh ring
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Khi p = g = 2 ta c6 bat dang thiic Cauchy - Schwarzt
1
n n 2 n
>an< (Y4) (30)
i=1 i=1 i=1

3. (Bat dang thitc Minkowski) Cho hai bo s6 khong am {z;} va {y;}. Chiing minh ring

(Z(w%yf))p < (Zx) T (Zy)
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4. V6i 2 s6 khong am a, b va s6 thuc p > 1. Chiing minh (a + b)? < 2P~ 1(a? + 1P).
5. Tim dang tich phan cho cac bat dang thiic trén va dang chudi cho bat dang thic Minkowski.

2 Metric va cac tinh chit cd ban
1. Ky hieu C[a, b] 1a tap hop tat ca cdc ham s6 lien tuc tren [a, b]. V6i x,y € Cla, b], ta xac dinh

d(a.y) = max [o(t) ~ (D)

b
pla,y) = / 2(t) — (1) d:

(a) Chiing minh ring d va p xac dinh cac metric trén C|a, b] nhung 2 metric nay khong tuong
duong nhau, p goi 1a metric tich phan con d goi 1a metric hoi tu deu

(b) Hay mo ta sy hoi tu trong 2 metric trén.
(c¢) Hay chi ra mot day ham lién tuc hoi tu trong metric tich phan nhung khong hoi tu diém.

(d) Hay xay dung mot day Cauchy trong metric tich phan nhung khong hoi tu.



2. V6i 6 thuc 1 < p < 400, ky hieu I? = {z = {z, }n>1 : Y. |2a|P < +00}. V6i z,y € IP ta dat
n>1

hSA

d(z,y) = (Z |2y — yn|p>

n>1

(a) Chitng minh rang d x4c dinh mot metric trén [? va day 1a mot khong gian metric day du.
(b) Chtng minh su hoi tu trong [P kéo theo sy hoi tu theo ting toa do nhung ngugc lai thi
khong ding.
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(¢) Ching minh day {z, = (1,

3. (Khoang cach)
(a) Gia sit (X, d) 1a mot khong gian metric, A C X,z € X. Khodng cach tit diém o dén tap
hop A dugce dinh nghia béi

d(xz,A) = inf{d(z,a) : a € A}.

Chitng minh rang
(1) d(z, A) = d(x, A);
(ii) d(z,A) =0 & x € A;
(b) V6i hai tap A, B trong khong gian metric X ta dinh nghia
d(A, B) =sup{d(x,B),z € A}; du(A, B) =max{d(A, B),d(B,A)}.
dr (A, B) goi 1a khoang cach Hausdorff gitta hai tap A, B. Chiing minh réng

dy(A,B) =inf{e >0: A C N.(B),B C N.(A)},

trong do
N.(A) = [ J{ze X 1 d(z,2) <<}
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